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- Matrices
A (column)
P a dya |
M (row) [ B3 =] ! . .
Ja, Qaq fa o |
0 =02 16
Ha1 Uaz thzq |
|:e_:"' zﬁ] 47
37| :2*3 . [a, @ ag).
I g5 4x IE_
'i column vector
row vector
Hurie

(square matrices)
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Equality of Matrices

Equality of Matrices

Two matrices A = [a;] and B = [b5.] are equal, written A = B, il and only if they
have the same size and the corresponding entries are equal, that s,
dyy; = byq. e = by, and so on. Martrices that are not equal are called different.
Thus, matrices of different sizes are always different.

ﬂll dlz 4 ﬂ
k= y ut I
dz) dsa $il

dapy = 4, B= I
dgy = 3, gy = —1.
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- Addition of Matrices

Addition of Matrices

The sum of two matrices A = [ay] and B = [by;] of the same size is written
A + B and has the entries @, + #;;; obtained by adding the corresponding entries
of A and B. Matrices of different sizes cannot be added.
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- Scalar Multiplication of Matrices

Scalar Multiplication (Multiplication by a Number)

The product of any m X n matrix A = [«;.] and any scalar ¢ (number ) is written
- cA and is the m X n matrix ¢A = |ca;; | obtaincd by multiplying each entry of A

by €.
27 —1.8 —27 18 3 -2 0 0
1
A=1]10 09, then -A=]| 0 —09], ?{]A =10 1|, 0OA=|0 O
2 —45 =920 435 10 —5 0 0
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- Rules for Matrix Addition and Scalar Multiplication

A+B=B -+ A

(A+B)+ C=A+(B+ () (written A + B + C)
A+0=A
A+(—A =0

c(A + B) = cA + cB
(c + KA = cA + kA
clkA) = (ck)A (written ckA)
1A = A,
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Cixl 1 &4

1 11
7| BPFe] A7]& 2X3 07| wjFo|ct.

wae (] ) (1 | 1)=en wn g 2 gue 21e 2x20n 5

wae () ) (} 2)e 2 ent e = ad 9ae) ds Ak 24 8

7] wEe] 0

Pk Wink



Gkl 2 5+ F2<] A4

2 =1 3 4 7 =8
@#2A=| 0 4 6|lazaB-[9 3 5]|oge clge} 2k
=0 10" =3 = 2

2+4 =R = B 6 6 -5
A+B= 0+9 4+ 3 6+35|= 9 7 11
=0 -0 S EEE IR 5= =5 D=3

waga=(y 2 en=(] 0o gege 4 ook duaim 93 As

2719} B2 Be] 2717} 27 wgolch a
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‘ - Matrix Multiplication

A B = (
[ < n] [n X r] = [m X r].
T3 5§ —-1714 -2 3 17 22 -2 43 427
AB = | #HSiuga 2 0o 7 gl=126 —-16 14 6
| —6 -3 2119 —4 1 1] | =9 4 -37 -28
[4 2] [1] [4-3+2-5] [zz]
1 8] Ls 1-3+8-5] |43
] 1] F 3 6 17
3 & 11|2|=no9, 2l 6 11=]6 12 2
4 | 4 ] |12 24 4]
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CAUTION! Matrix Multiplication Is Not Commutative, AB * BA in General

[—1 17 [ | 17 I % 99:|

1 =1 Lo 100] |L-09 —og
(a) (kA)B = KAB) = A(KB)  written kAB or AKB
(b} A(BC) = (AB)C written ABC
c) (A + B)XC=AC+ BC

d CA+B)=CA+CB

Piik Wink



Computing Products Columnwise
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- Motivation of Multiplication by Linear Transformations
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- Transpose of Matrix

5 47 F 6]
5 -8 1 ;
A= |:4 . 'J then A =|-8 0 (6 2 3]1' =2

L1 o 3

(a) AD" =A

(b) (A+ B =AT+ BT

(c) (cA)T = cAT

(d) (AB)" = B"A".
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- Symmetric and Skew-Symmetric Matrix

20 120 200
120 10 150
200 150 30

1 4
) 3
[ 0
triangular

0

15 symmetne, and B=|-1l

3
2 2 0
. o & —1
b 7 6

Lo
i =1 15 skew-symmetric.
2 0

"1 0 0 07
L)

y =3 0 0
L) .

10 2 0
24

| 1 9 3 0

Lower triangular
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- Diagonal Matrices

Diagonal Matrix D. Scalar Matrix S. Unit Matrix |

2 L] 0 C () ] 1 i) )
D=0 —3 0 =10 C 0 I=10 1 1]
0D 0 0 0 0 ¢ 0 0 1
AS = SA = cA. Al=1IA=A
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o] A= Etolet ] Al ¥ gl

{ l

5%, -9, +x; =0 2x; +5x;, +6xy = 1

x; + 3x, =0 4x, + 3.1:2"— x3=9
4x, +6x,— i3 = 0 B :
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- Matrix Form of the Linear Systems, Coefficient matrix

dy3X; F T ax, = by
g Xy + ¢t T dgy Xy, = by 3\ Ax = b
ﬁnnlxl + -I arura-rn. o b"l’ll-
(11 @12 ' Qim
flzy  dlag ’ gy,
A ., and x =
_ﬂml - e 'ﬂm.-n_

Coefficient matrix

and b =
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‘ ' - Augmented Matrix

ﬂl,]-‘l + "'+ﬂ|ﬂ_.t‘_= bl
d‘z]_.t'l +vie 4 Iﬁzﬂ.rﬂ_" bz

--------------------

dyy  dpn dyp
fay  dag diay
A — amd x =
L 1 Tz Do _|
o W
L U T
|
K - - | -
L] L L] L] | -
I
_Ilﬂml ' Apm | thml

A

Modem Control System Lab. Changwon National University
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1 -3 512
(a) A7 (4 i _1’

x|—3x2+5x3=2
dx) +Tx3— x;=8

(b) 9129 A7 & 2% X879 T3}k

2I|+8-x2: 7 < 2x|+812+013= ?ﬂ";&t'l‘
X, + 9%, = 1 Ox; + 2,+9x; = 1
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‘ - Gauss Elimination and Back Substitution

= 2 5 ¥
261 + 3% 2 Augmented |
2 5 2],
2 5 5
2 2
1 = 1 Nntox =1
—4 3 —30 —4 3 -30 —4x, +3x, =—30
1 2 12 ER
2 1 3 15| ™= 3 15
4 4 2 4 - 2
i i} - - 5
12 12 R
P 2 5 = 2
S 1 4 315 = o 1313 13 13
L4 2l 4 2 PR
o o~
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5 5
1 — 1 1 = 1 +—x,=1
2 ol 2 =) R
0 E _E —;pti 0 1 -2 122—2
. 4 2 13
12 = Yoe = % =6
0 % N .5 o 1 -2 X, =—2

2.1:1 ¥ 5,1'2 = 4.

-4I1 + 3‘1'2 = _3[}.
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o8l 6 Gauss-Jordan &7
Gauss-Jordan 272 AHa}] ofe) WAA S Ee.

X +3-T1_2t3 = ,__'}'
4y, + x,+3x;=5
2‘(] “‘511-}-?3:3 - 19

=0|
— S —ARS- R, 4 _
1 3 =T —m,_;i 1 Lt
4 1 31 S5 = e 21
o & s o 211" 11|33
R G Bl ol Nk SRR AT 0l - M 2
—1iks .
=~ O 1 -1|-3 i s
0 1 -—1|—-3 i =

= 2-t, x,=—3+1, x;=t.
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LI 1Y gan
3 et S
2 -3| 8
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Node F: L— B+ i,=0

Node @: —i + i,— iy= 0

Right loop: L0:, + 26i, =90

F 150 Left loop: 204, + 101, =80

Augmented Matrix A Egquathions

pivot l——[ (D) -1 11 0] Pivol | ——( x)= Hm+ = 0

1] 1 =11 © x|+ xz— xg= 0
I

Elimmate——— || G| 10 25 : Gl Eliminate — 1lxy + I5x = 00
I

| (20| 10 O 1 80 200, | + 10x, = 80.
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‘ Augmented Matrix A Eguations

Pivil | — i @ -1 1 Il 'EI-I Pivot | —1-®— g+ xg= 0
=5 1 =11 e N |
Eliminata— | | 0| 10 25 i o0 Rl 10k, + 25x, — 0O
{20 10 o0 1 s0l 2| + 10%, _

1 -1 11 0] - Bt = B

00 0, 0 Row 2 + Row | 0= 0

D 10 25 ; 90} 10y + 25vg = 90

L 3 —R0 : B _ Row 4 — 20 Row | 30xg — 20xg = 80,
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1 -1 1 ll (] Xy xg +  xg= 0
00 04 0 Row 2 + Row | 0=
0 10 25 i 90 L0z + 25%5 = 90
0 30 -20 | B0 Ruw 4 — 20 Ruw | 3rg — 20xg = 30,
\
1 =1 L 07 X¢1— Xat+ a3 =0
{ @ 25 4| o Pivol |L.'—:‘" + 25z = 00
o -20 :l 801 Eliminate 30x;, — |30x, | — 20x; = 80
o 0 01 o 0 =0
1 =1 1: 0] * B Xt M= 0
¢ 10 35, o0 0%, + 5%y = 90
0 0 —o5 i —190| Row 3 — 3 Row 1 P
0o 0 o 0l = 0
.
‘ —O5xy = —190 xg = ig =|2 [A]
I0xg + 2505 = 90 K = (00 — 25xg) = i, =|4 [A]
X = xpt Xy = 0 x = axg — kg = i; =|2 [A]
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AAAS . i]—fz—i::r:o il —1.2 —f3 =10
B By, B E-iR LRy =0 £= iR,+iR, =E
z=l O =0 Sk, iRy ~ 13k, = 0 iRy~ iyRy = 0
15 L
B oxl 8 sjz=dte] A5 '
%#k(ohm)o| R;=10, R,=20, R;=10°]2 7|AZL E=12 VY 1 (3)g] AE Gauss-
2l 8.3 A7 g = | % Zk(ohm) L 1 e 3
Jordan 2AW & AHg-6t Zek
S0 Zu#} &&= Al oledle 2ok
= - =0 i
20i,— 10i; = 0
o] 7%, Gauss-Jordan 27l =W oS3 2L Axr} 1}t
1 =1 —1] 0 al of 4F 1 0 0 %
10 20 012 = 0 1 0=
0 20 -10]0 0 0 1|3
Py ol 7194 37 ZHA0l B2E AL, A)e ij=1=0.72, i,=15=0.24, i;= 13 =0.48
" ol .
-

Piik Wink



mXnQl FE A9 AF(rank)E A ¢t e YR=HQ FUEHSO] Hu) 750l x,
rank(A)2l E7]glch

Ol Xl 1 3x4 i=e A
3X4 F A S 1Tt

1 ] =1 3
A=12 =2 6 8 (1)
3 9 = B

PIE uy=(—1 1 —1 3), u,=(2 -2 6 8).u;=3 5 =7 8)9|4] 4ul—§u +u,=07}
B3, Fe] 772 #HAM B uy, uy, uz £ YAEE0 Aoz AE YL 4§ Qi) ulud)
BaEle] A3, 3w, = YAEolck Mebd Fo] 886 T} mnk(A)=20]. 0
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CIH 2 aZaol g As—olA 12 AY |

Gauss 27W2 AL&3le] 7o) 312 78 o) AYHAE) Az B AL P34
slo] Altel2E gteis A3 A8l 22 HoR A9 S Shdle YAl R @)
A B2 WHETE oA 19] FY(1)& Agsie] 712 8 A4S S35 ol 9 Lok

—3R + R . SR+ Ry .
P TR =1 I O . T ) )0 QY S P 8 O R
A=12 =2 6 8 = 0 —4 & 20 = 40 1 =2 .=
3 5 s e 20 =4t 0 0

-

npx gk B o sPatc}e] ol a Fo| opd 5 27 7X | 2louw, el 8.49 (i)

2 A9 A 29[ =

Piik Wink



| |

OIXl 3 YA=J/1FS
3AH 2t R O] WlE] w =<2, 1, 1>, u,=<0, 3, 0>, u3=<3, 1. 2>9] o] dA=H
EE 4ASEAAE Al

20| Zojzl WEZ Yozsiel YL AS THHLAS A5 39 PR B AL

22909, WEe AR ASHA AL A9 wolzvy HUG 5 Yok wel
rank(A) < 3°]d, Wele] HFe YxFLolc) o] A, A 71 BAltelBR Y52

2 g4 9ok '
3 A4k
A= =

Z12A] rank(A)=3°]31, u;, u,, u; = YAFHo|Th 4

i = b
) = =
e o
=0

R
3 v
I£ =2
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- Linear Independence and Dependence of Vectors

=,

pn

——= Linear Dependence

d=kb ———= linear Dependence

€18y + Collmy + * * * + Crip — O

¢, =0 ————=> Linear Dependence
c; =0 ————> Linear Independence
ag=[ 3 0 2 2
) = | —6 42 24 5"-“
ke | 21 | 1 0 —15] Linear Dependence

1 _
bag, — sag — ag = 0
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‘ - Rank of a Matrix

—

- The rank of a matrix A is the maximum number of linearly independent row vectors
of A. It is denoted by rank A. ‘

— _— — —

s=[' %3 0 2 2

o =[-6 42 24 54)
a8z =[ 21 —31 0 —15) Linear Independence or Dependence 7

S| o AR W Rank of A : 2
| 21 -2} 0 -13
PR IE Linear Independence = Rank of A : 3

-y
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Determination of Rank

For the matrix in Example 2 we obtain successively

[ 3 0 1 2]

A=]|-6 42 24 54 (given)

21 =2l b =I5
3 () 2 2
0 42 28 58| Row2 + 2 Row |
0 =21 -14 -29| Rew3 - 7 Row ]

@ 0 . =
0o @ 22 38
0 0

0 0 Row 31 + % Row 2

-2

Since rank is defined in terms of two vectors, we immediately have the useful

-y
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